A routing R in a graph G is a set of paths {RX,, : x, y E V(G)} where, for each ordered pair of vertices (x, y), RXy links x to y. The load <(G, R, x) of a vertex x in the routing R is the number of paths of R for which x is an interior vertex. We define the forwarding diameter p( G, R) of the pair (G, R) by
Introduction
Let G( V, E) be a simple connected graph on n vertices with vertex set V and edgeset E. An edge between two vertices x and y is denoted by xy and d(x, y) denotes the distance between x and y in G, i.e the length of a shortest path between x and y.
A routing of G is a set R = {RX, : x, y E V(G),x # y} of simple paths connecting each ordered pair (x, y) of vertices of G. Thus, RXY is not necessarily the same as R,. The load t( G, R,x) of a vertex x in the routing R is defined as the number of paths of R for which x is an interior vertex.
The vertex-forwarding index of the pair (G,R) is defined as
The vertex-forwarding index of G [l] , denoted by if(G), is defined as the minimum of the forwarding indices &G,R) taken over all possible routings:
c(G) = rnp t (G,R) .
This index appears to be a good measure of the maximum congestion of the nodes in a network in which the message traffic is nearly equal for the distinct pairs of nodes.
We shall now define another index which appears to be more suited for the case where one wants to minimize the maximum message transmission delay. Let us define, for a given routing R, the mapping PR : v2 ---f R by pRtxsY) = c &GO). ztR,,.-{x,y) We define the forwarding-diameter p(R, G) corresponding to the routing R by and the jbrwardiny-diameter p(G) of G by
where the minimum is taken over all possible routings.
The index p(G) and transmission delays in queing networks
The index p(G) is relevant in the following "queing network" context ([5-71) :
Queing network
The simplest instance of a queing network is defined by -A graph G -Two parameters: p (intensity of emission or intensity of the customers arrivals in the queue's jargon) and v (transmission intensity or service intensity) -For each ordered pair (x, y) E V(G)2 a (possibly empty) set of paths {R,,; : 1 <i < 4(x, y)} of G linking x to y, which indicate the possible sequences of queues that a customer entering the network in x may use before leaving at y. The 4's are given non-negative integers and if they are all equal to 1 we have a routing.
Queing process
We describe what may be the simplest evolving process of a queing network. (We do not specify the distribution of the state of the network at time 0.) _ For each pair (x, y) and for each i, 1 <i <4(x, y), customers which are obliged to follow the path PXY.;, enter the network at x at random time intervals with a common exponential distribution with parameter +u, i.e. with cumulative distribution function
~ In each vertex (queue), the first customer is served (and directed to its next destination) within a time interval which has again an exponential distribution now with parameter v. (Thus, nothing happens at a vertex where there are no customers waiting.) One could also assume that the service time is constant.
We suppose from now on that, for each pair of vertices X, y E V(G), we have &(x, y) = 1 and we will set R, ,' = R, ,..I, in accordance with our previous notation.
The theory of queuing networks provides the following theorem (see [5] ). 
if pcJ = o(1).
Clearly, ET,, is a basic measure of the behaviour of the network along the path RI,., which has an obvious economical interpretation. We propose to consider the function which, by (1 ), is very we11 approximated by choosing a routing R which minimizes the transmission diameter. This is the motivation for our parameter p(G). Clearly, this is not the only natural optimization criterion. One could also consider, for instance, the criterion minR c ET,,; . .';1
The forwarding diameters of the cycle and the wheel
We treat the case of the cycle Cz,, on an even number of vertices {x0,x1,. . . ,x2+1 }.
The case of an odd number of vertices is similar and is omitted. Let c(xi), 0 <i < 2n-1, denote the load of the vertex Xi in a fixed routing R and let
where the subscripts are mod(2n). Then, clearly hold. We have
where x,+2,, = xj.
Then, using (2) we obtain
A similar inequality holds for v(x~+~).
A lower bound for T is obtained by considering a routing of shortest paths
We have
By considering a routing R for which x is an interior vertices distinct from x and which are not neighbours
vertex for any path linking two in the cycle, we get 3)(2n -2), 1 <i<n.
Using this upper bound for maxjc(xj), (3) and (4), we obtain
This gives of course a lower bound for p (&) .
Putting this together with the upper bound given by the routing of shortest paths we obtain ?r3 -4??+7n-46~(C2,)<(n-1)s. 0
Remark. One of us (D. Barraez) has obtained a more precise result for the case of the odd cycle. In this case the forwarding diameter is achieved by a routing of shortest paths.
For each n 23, the wheel W, is the graph of order n + 1 obtained by joining the vertices of the n-cycle to an extra vertex called the center. In this section, we calculate a lower bound for the forwarding diameter of the wheel which is asymptotically equivalent to the upper bound obtained by using shortest peripheric paths for the pairs (x, y) with x and )' distinct from the center. Let us consider some fixed routing R. Let n, denote the number of routes in R of length at least 2 and which do not go through the center and let us put n, = En*. Clearly, there are at most 2an2/3 of these routes with length <en/3 and thus at least sn*/3 of these routes with length 2&n/3. Let us now 
.( (
It is easily seen that the right-hand side of this inequality is asymptotically equivalent to n* as n + cc.
The forwarding diameters of the hypercube and the de Bruijn graphs
The hypercube is well known. For convenience, we recall the definition of the de Bruijn graphs. The de Bruijn graph B(d,D) is the graph whose vertices are the words of length D on an alphabet of d letters. Every vertex (x1,x2,. . . ,x0) is adjacent to vertices (A,xt,x2 ,..., xo_t) and (x2,x3 ,..., xg, v) where J>, v are any letters of the alphabet.
Therefore the diameter of B(d, D) is D and its number of vertices is II = dD.
We derive first some results that will be used for obtaining bounds for the forwarding diameters of these graphs. The proof of the following lemma can easily be done by induction.
Lemma 4.1. Let F : R" H R' be dejned by: F(xI,xz,. . . ,x,> The next proposition gives bounds for the forwarding diameter of general graphs similar to the bounds for the forwarding index given in proposition 7.2. Let R be a routing that minimizes the forwarding diameter for a given graph G, i.e. the equality p(G) = pR(G) holds. We can suppose without loss of generality that if xy is an edge of G, then R(x, y) = xy and p~(x, y) = 0.
Proposition 4.3. Let G = (V(G),E(G)) b e a connected graph of order n such that
(ii) The equalities (c, C"~u(4wd -l))2 Proof. Let R be a routing of G. Clearly, and since we have from lemma 7.1, G/dQn>6~m<Qn>G (;plog, P -P+ 1) (log, P -1).
We note that the asymptotic ratio of the obtained upper and lower bounds is 2. 
Notice that we have k(2d -1)' <n/2 for id log,,_,(n/2k). The number of vertices at a distance greater than i from x is at least n/2. The total charge of the vertices is thus greater than n*/2 logzd_,(n/2k). Using W. Fernando De Lu Vega et al. I Discrctc Applied Mathnnatics X6 (1998) 201-211 209 
Comparison between the forwarding index and the forwarding diameter
It seems to us that, in order to justify the transmission diameter as a useful addition to the forwarding index, the following questions are specially important On the other hand, p(&) is not greater than the quantity (n -l)(n -2) which corresponds to the shortest paths routing. We have thus,
mw-41))(n_ l)(n_2)'
AR/i)
This ratio clearly tends to infinity with n. 0
Remark, It is easy to display families of graphs other than the wheels for which the analogues of Theorem 2 holds.
The forwarding diameter and routings of shortest paths
In 
Let ds (ui,uj) which completes the proof. Notice that the routing which gave an upper bound for ,u(G,) is a routing of shortest paths. 0
